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1. Introduction
In many natural objects of topological algebra that possess the algebraic structure of a group, the operations of
inversion and multiplication are not necessarily continuous—it suffices to recall the groups of homeomorphisms
of topological spaces with the pointwise convergence topology (where the composition of homeomorphisms as
multiplication is almost never continuous). This gave rise to the study of semitopological, quasitopological, and
paratopological groups, among other related structures.
In a paratopological group, multiplication is jointly continuous while inversion is usually not—otherwise it is a
topological group. The growing interest in the study of semitopological and paratopological groups led to a significant
clarification of the importance of “topological symmetry” (i.e., the continuity of inversion) in topological algebra.
It was shown, for example, that every pseudocompact paratopological group is a topological group [7] and every
ˇCech-complete semitopological group is also a topological group [5]. In [2], it was established that every σ -compact
paratopological group has countable cellularity, thus generalizing a theorem from [9] proved there for topological
groups. It is worth mentioning that every precompact paratopological group has countable cellularity as well (see [4]).
The main objects of our study are the classes of totally ω-narrow and totally Lindelöf paratopological groups
(see Definition 3.1). Alternatively, one can describe these classes as the paratopological groups which are continu-
ous homomorphic images of ω-narrow and Lindelöf topological groups, respectively. Hence, every totally Lindelöf
paratopological group is totally ω-narrow. The class of totally Lindelöf paratopological groups contains all Haus-
dorff paratopological groups H such that H 2 is Lindelöf; therefore, all σ -compact paratopological groups are totally
Lindelöf.
In Section 3 we establish several basic properties of totally ω-narrow and totally Lindelöf paratopological groups.
For example, Proposition 3.5 states that every totally ω-narrow first countable paratopological group has a countable
base, while this is obviously false for ω-narrow (even Lindelöf) first countable paratopological groups—the Sor-
genfrey line is a counterexample. Then we study the question of when a given Hausdorff (regular) paratopological
group H is topologically isomorphic to a subgroup of a product of second countable Hausdorff (regular) paratopo-
logical groups. Clearly, for the ‘regular’ case, the paratopological group H has to be Tychonoff, since regular second
countable factors are metrizable. We show in Proposition 3.7 that if a paratopological group admits a topological em-
bedding as a subgroup into a product of second countable paratopological groups, then the group is totally ω-narrow
* Corresponding author.
E-mail addresses: sanchis@mat.uji.es (M. Sanchis), mich@xanum.uam.mx (M. Tkachenko).0166-8641/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2007.05.017
M. Sanchis, M. Tkachenko / Topology and its Applications 155 (2008) 322–334 323and, hence, is ω-balanced (see Proposition 3.8). The main results of Section 3 are Theorems 3.16 and 3.20 stating that
a Lindelöf totally ω-narrow Hausdorff (regular) paratopological group admits a topological embedding as a subgroup
into a product of second countable Hausdorff (regular) paratopological groups. This implies, in particular, that if P is
a Gδ-set in a Lindelöf totally ω-narrow paratopological group H with neutral element e and e ∈ P , then H contains
a closed invariant subgroup N of type Gδ such that N ⊆ P (see Corollary 3.14).
The mere existence of closed invariant subgroups of a given Hausdorff (or even Tychonoff) paratopological group
does not help much—the corresponding quotient paratopological groups may fail to be Hausdorff (see [3]). The main
step towards the proof of Theorems 3.16 and 3.20 consists in establishing the existence of sufficiently many closed
invariant subgroups N of a Lindelöf totally ω-narrow Hausdorff (regular) paratopological group H such that the
group H/N admits a Hausdorff (regular) second countable paratopological group topology coarser than the quotient
topology of H/N . This is done in Lemmas 3.12 and 3.18 for the Hausdorff and regular cases, respectively.
We show in Section 4 that the paratopological groups which are Lindelöf Σ -spaces (in particular, regular σ -com-
pact paratopological groups) possess almost the same topological properties as σ -compact topological groups do. For
example, it is proved in Theorem 4.2 that if a paratopological group H is a Lindelöf Σ -space, then it is an Efimov
space, i.e., the closure of the union of an arbitrary family of Gδ-sets in H is a Gδ-set.
In Section 5 we study paratopological P -groups, that is, the paratopological groups in which all Gδ-sets are open.
We show that a totally ω-narrow regular paratopological P -group is a topological group, and that a Lindelöf paratopo-
logical P -group is also a topological group (provided it is Hausdorff).
2. Notation and terminology
All spaces are assumed to be Hausdorff, unless otherwise is stated explicitly. A paratopological group H is called
ω-narrow if for every neighborhood U of the neutral element in H , there exists a countable set C ⊆ H such that
CU = H = UC. The kernel of a homomorphism p :G → H of a group G to H is denoted by kerp.
We say that X is a P -space if every Gδ-set in X is open. A topological group which is a P -space is called a
P -group. A paratopological group with the same property is called a paratopological P -group. The reader can find
some basic facts on P -groups in [11, Section 2].
A space X is called a Lindelöf Σ -space if there exist spaces Y and M and continuous onto mappings f :Y → X and
g :Y → M such that the space M is second-countable and the mapping g is perfect. In other words, X is a continuous
image of a Lindelöf p-space Y . Clearly, every σ -compact space as well as every space with a countable network
is a Lindelöf Σ -space. It follows immediately from the definition that the class of Lindelöf Σ -spaces is countably
productive and is closed under taking continuous images. It is also easy to see that a closed subspace of a Lindelöf
Σ -space is again a Lindelöf Σ -space. Additional information about Lindelöf Σ -spaces can be found in the articles
[1,10].
3. Basic properties of totally ω-narrow paratopological groups. Embeddings
For a paratopological group H with topology τ , one defines the conjugate topology τ−1 on H by τ−1 = {U−1:
U ∈ τ }. Then H ′ = (H, τ−1) is also a paratopological group, and the inversion x → x−1 is a homeomorphism of H
onto H ′. The upper bound τ ∗ = τ ∨ τ−1 is a topological group topology on H , and we call H ∗ = (H, τ ∗) the group
associated to H . This notation is used throughout the article.
The next definition plays an important role in what follows.
Definition 3.1. Let P be a (topological) property. A paratopological group H is called totally P if the associated
topological group H ∗ has property P .
According to the above definition, one can consider totally Lindelöf, totally ω-narrow, or totally countably compact
paratopological groups. We focus attention in the classes of totally ω-narrow and totally Lindelöf paratopological
groups in this section.
Since the topology τ ∗ of the topological group H ∗ is finer than the original topology τ of a given paratopological
group H , it is clear from Definition 3.1 that every totally Lindelöf paratopological group is Lindelöf. The converse is
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is discrete and therefore is not Lindelöf.
The lemma that follows is quite simple, but is of much importance, since it relates the properties of a paratopolog-
ical group H to those of the associated topological group H ∗. It appeared in [2] in a slightly different but equivalent
form.
Lemma 3.2. Let H be a Hausdorff paratopological group. Then the diagonal Δ = {(x, x): x ∈ H } is a closed sub-
group of H × H ′ and, considered with the topology induced from H × H ′, Δ is a Hausdorff topological group
topologically isomorphic to the group H ∗.
Corollary 3.3. Let H be a Hausdorff paratopological group. Then the following hold:
(a) If the space H 2 is Lindelöf, then H is totally Lindelöf.
(b) If H is σ -compact, then so is H ∗.
(c) If H is a Lindelöf Σ -space, so is H ∗.
(d) If H has a countable network, so has H ∗.
(e) If H is second countable, then so is H ∗.
(f) If H is first countable, then so is H ∗.
(g) If H is a P -space, so is H ∗.
Proof. According to Lemma 3.2, the diagonal Δ is closed in H ×H ′ and is topologically isomorphic to the group H ∗.
Therefore, item (a) is immediate after Definition 3.1. The properties of being a σ -compact or Lindelöf Σ -space are
finitely productive and hereditary with respect to closed subspaces, so (b) and (c) of the corollary follow directly from
Lemma 3.2. A similar argument applies to deduce (d), (e), (f), and (g). 
For a number of properties P , the class of totally P paratopological groups can be described in a different but
equivalent form. In the proposition that follows we just mention three of them:
Proposition 3.4. Let P ∈ {ω-narrow, Lindelöf, countably compact}. For an arbitrary paratopological group H , the
following are equivalent:
(a) H is totally P ;
(b) H is a continuous isomorphic image of a topological group with P ;
(c) H is a continuous homomorphic image of a topological group with P .
Proof. Since the restriction to Δ of the projection of p :H ×H ′ → H in Lemma 3.2 is a continuous isomorphism of Δ
onto H , and Δ is naturally topologically isomorphic to H ∗, we conclude that (a) implies (b). Clearly, (b) implies (c).
To show that (c) implies (a), consider a continuous homomorphism f :G → H of a topological group G with
property P onto H . If O is an arbitrary open neighborhood of the neutral element in H , then the sets V = f −1(O)
and V −1 are open in G/N , that is, the set V ∩V −1 is an open neighborhood of the neutral element in G. This implies
that the homomorphism f :G → H ∗ of G to the topological group H ∗ associated to H remains continuous. Since
each of the three properties P mentioned in the proposition is stable under taking continuous homomorphic images,
we conclude that the group H ∗ has P . Therefore, the paratopological group H is totally P . 
Here is another simple but useful fact:
Proposition 3.5. Every first countable totally ω-narrow paratopological group H has a countable base.
Proof. It follows from (f) of Corollary 3.3 that the topological group H ∗ is first countable. Since, by the assumptions,
the topological group H ∗ is ω-narrow, we apply [10, Lemma 3.5] to conclude that H ∗ has a countable base. This base
is clearly a network for H , since the identity mapping of H ∗ onto H is continuous. Finally, by Proposition 2.13 of [2],
every first countable paratopological group with a countable network has a countable base. 
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Clearly, ‘totally Lindelöf’ in Corollary 3.6 cannot be weakened to ‘Lindelöf’—the Sorgenfrey line is a counterex-
ample.
As in the case of topological groups, it is of much importance to know when a given (Hausdorff, Tychonoff)
paratopological group admits an embedding as a paratopological subgroup into a topological product of second count-
able (Hausdorff, Tychonoff) paratopological groups. We give here some necessary and some sufficient conditions for
the existence of such an embedding.
Proposition 3.7. Every subgroup H of a topological product G = ∏i∈I Gi of second countable paratopological
groups satisfying the T1-separation axiom is totally ω-narrow.
Proof. Clearly, the associated topological groups G∗i are Hausdorff. It also follows from the definition of the as-
sociated group topology on H that H ∗ is a topological subgroup of the product group G∗ = ∏i∈I G∗i . Since each
paratopological group Gi is second countable, so is G∗i , by (e) of Corollary 3.3. Hence, the topological group H ∗ is
ω-narrow as a subgroup of the ω-narrow group G∗. This means that H is totally ω-narrow. 
A paratopological group H is called ω-balanced if for every neighborhood U of the identity e in H , one can find a
countable family γ of open neighborhoods of e in H such that for each x ∈ H , there exists V ∈ γ with xV x−1 ⊆ U .
The family γ is said to be subordinated to U . Clearly, every subgroup of an ω-balanced paratopological group is ω-
balanced, and commutative paratopological groups are ω-balanced. It is also immediate from the definition that first
countable paratopological groups are ω-balanced, and a routine verification shows that this class of paratopological
groups is closed under arbitrary topological products.
Let us show that the class of ω-balanced paratopological groups contains the class of totally ω-narrow paratopo-
logical groups.
Proposition 3.8. Every totally ω-narrow paratopological group H is ω-balanced.
Proof. Let U be an open neighborhood of the neutral element e in H . Choose an open neighborhood V of e in H
such that V 3 ⊆ U . Since the topological group H ∗ associated to H is ω-narrow and the set O = V ∩ V −1 is an
open neighborhood of e in H ∗, there exists a countable set C ⊆ H ∗ such that CO = H ∗ = OC. Clearly, O ⊆ V and
O−1 ⊆ V . Since multiplication in H is continuous, we can find, for every x ∈ C, an open neighborhood Wx of e in H
such that xWxx−1 ⊆ V . Then the countable family γ = {Wx : x ∈ C} is subordinated to U .
Indeed, for an arbitrary y ∈ H , there exists x ∈ C such that y ∈ Ox. We have, therefore, that
yWxy
−1 ⊆ OxWxx−1O−1 ⊆ V
(
xWxx
−1)V ⊆ V 3 ⊆ U.
This proves that H is ω-balanced. 
Note that every Abelian paratopological group is ω-balanced, so the converse to Proposition 3.8 is evidently wrong.
Since a totally Lindelöf paratopological group is totally ω-narrow, we have the following corollary:
Corollary 3.9. Every totally Lindelöf paratopological group is ω-balanced.
Theorem 3.16 below is one of the main results of this section on embeddings of Hausdorff paratopological groups.
Its proof is based on the following three lemmas the first of which requires a new concept.
Let us say that a neighborhood V of the neutral element e in a paratopological group H is ω-good if there exists a
countable family γ of open neighborhoods of e in H such that, given any x ∈ V , we can find W ∈ γ with xW ⊆ V . It
is immediate from the definition that the intersection of finitely many ω-good sets is ω-good.
Lemma 3.10. Every paratopological group H has a local base at the neutral element consisting of ω-good sets.
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neighborhoods of e such that U0 = U and U2n+1 ⊆ Un, for each n ∈ ω. We put V1 = U1, V2 = U1U2 and, in general,
Vn = U1U2 . . .Un, for an arbitrary n ∈ ω. Clearly, the sets Vn are open and Vn+1 = VnUn+1, so that Vn ⊆ Vn+1, for
all n. A standard argument implies that Uk+1Uk+2 . . .Uk+n+1 ⊆ Uk , for all k,n ∈ ω. In particular, Vn ⊆ U0 = U , for
each integer n 1. We conclude, therefore, that the open set V =⋃∞n=1 Vn is contained in U .
Given an element x ∈ V , our definition of V implies that x ∈ Vn, for some n 1. Since VnUn+1 = Vn+1 ⊆ V , we
have that xUn+1 ⊆ V . In other words, the family {Un: n ∈ ω} witnesses that the set V is ω-good. 
Lemma 3.11. Let H be a Hausdorff paratopological group, andN (e) the family of open neighborhoods of the neutral
element e in H . Suppose that a countable family λ ⊆N (e) has the property that for every U ∈ γ , there exists V ∈ λ
with V 2 ⊆ U . Then:
(a) The set P(λ) =⋂U,V∈λ UV −1 is closed in H ;
(b) If H is Lindelöf, then there exists a countable family γ ⊆ N (e) such that λ ⊆ γ and the set P(γ ) =⋂
U,V∈γ UV −1 satisfies P(γ ) =
⋂
γ ;
(c) If N ∗ is the family of all ω-good neighborhoods of e in H and λ ⊆ N ∗, then the family γ as in (b) can be
additionally chosen to satisfy γ ⊆N ∗.
Proof. (a) If x ∈ H\P(λ), then there exist elements U,V ∈ λ such that x /∈ UV −1 or, equivalently, U ∩ xV = ∅.
By our assumption, W 2 ⊆ V , for some W ∈ λ. It then follows that xW ∩ P(λ) = ∅—otherwise x ∈ P(λ)W−1 ⊆
UW−1W−1 ⊆ UV −1, a contradiction. We have thus proved that the complement H\P(λ) is open in H , so the set
P(λ) is closed.
(b) Denote by F the collection of all countable families μ ⊆ N (e) such that every element of μ contains the
square of another element of μ. Let also P be the family of all sets P(μ), where μ ∈F . It follows from (a) that every
element of P is closed in H . It is also clear that for every countable family Q ⊆ P , there exists an element P ∈ P
with P ⊆⋂Q.
Since the space H is Hausdorff, it follows that for every x ∈ H distinct from e, there exist U,V ∈N (e) such that
U ∩ xV = ∅, that is, x /∈ UV −1. This shows that ⋂P = {e}. Therefore, since the space H is Lindelöf and, for a given
element U ∈N (e), the complement H\U is closed in H , there exists P = P(μ) ∈ P such that P ⊆ U .
Hence, one can construct by induction a sequence {γn: n ∈ ω} satisfying the following conditions for each n ∈ ω:
(i) γn ∈F and |γn| ω;
(ii) γn ⊆ γn+1;
(iii) P(γn+1) ⊆⋂γn.
Let γ0 = λ. Suppose that the families γ0, . . . , γn have been defined to satisfy (i)–(iii). We have shown that for every
U ∈ γn, there exists μU ∈ F such that P(μU) ⊆ U . Therefore, it suffices to take an element γn+1 ∈ F such that
γn ∪⋃{μU : U ∈ γn} ⊆ γn+1. This finishes the construction.
Let γ = ⋃∞n=0 γn. Then γ ∈ F , and it follows from iii) that P(γ ) ⊆ P(γn+1) ⊆
⋂
γn, for each n ∈ ω. In its
turn, this implies that P(γ ) ⊆⋂γ . Since the inclusion ⋂γ ⊆ P(γ ) is trivial, we conclude that P(γ ) =⋂γ . This
proves (b).
(c) By Lemma 3.10, the family N ∗ is a local base for H at e, so the argument in (b) implies (c) as well. 
It is well known that for a closed invariant subgroup N of a Hausdorff (even completely regular) paratopological
group H , the quotient space H/N need not be Hausdorff, even if N is of type Gδ in H—one can take the subgroup
N = {(x,−x): x ∈ S, x is rational}
of the square of the Sorgenfrey line S (see [3]). This is one of the obstacles (apart from the lack of symmetry) when
working with paratopological groups. The next lemma shows that in some special cases, one can obtain a lot of
Hausdorff quotients of a given paratopological group.
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for every countable family γ ∗ of open neighborhoods of the identity e in H , there exist a continuous homomorphism π
of H onto a second countable Hausdorff paratopological group K and a countable family λ∗ of open neighborhoods
of the identity in K such that every element U ∈ γ ∗ contains the set π−1(V ), for some V ∈ λ∗.
Proof. Denote byN ∗ the family of ω-good neighborhoods of e in H . Let F be the collection of all countable families
μ ⊆N ∗ such that every element of μ contains the square of another element of μ.
We will define by induction a sequence {γn: n ∈ ω} satisfying the following conditions for each n ∈ ω:
(i) γn ∈F and γn ⊆ γn+1;
(ii) γn is closed under finite intersections;
(iii) for any U ∈ γn and x ∈ H , there exists V ∈ γn+1 such that xV x−1 ⊆ U ;
(iv) if U ∈ γn and x ∈ U , there exits V ∈ γn+1 such that xV ⊆ U ;
(v) the set P(γn) =⋂{UV −1: U,V ∈ γn} satisfies P(γn) =⋂γn.
According to Lemma 3.10, the familyN ∗ is a local base at e in H . Hence, we can apply (b) and (c) of Lemma 3.11
to find γ0 ∈F such that every element of γ ∗ contains some element of γ0 and P(γ0) =⋂γ0.
Suppose that for some n ∈ ω, we have defined families γ0, . . . , γn satisfying (i)–(v). Since H is totally ω-narrow,
it follows from Proposition 3.8 that H is ω-balanced. Therefore, there exists a countable family λn,1 ⊆N ∗ which is
subordinated to every element U ∈ γn. Since every element U ∈ γn is ω-good and the family γn is countable, we can
choose λn,2 ∈ F such that for every U ∈ γn and every x ∈ U , there exists V ∈ λn,2 with xV ⊆ U . Since the family
μn = γn ∪ λn,1 ∪ λn,2 ⊆N ∗ is countable, Lemma 3.11 implies that there exists γn+1 ∈F such that μn ⊆ γn+1, γn+1
is closed under finite intersections, and P(γn+1) =⋂γn+1. This finishes our construction.
By (i), the families γn are countable; hence, so is γ = ⋃∞n=0 γn ⊆ N ∗. Conditions (i) and (ii) also imply that
the family γ is closed under finite intersections and that γ ∈ F . Put N =⋂γ . It follows from (v) that P(γ ) = N .
Conditions (i) and (iii) imply that N is an invariant subgroup of H , while (a) of Lemma 3.11 guarantees that N is
closed in H .
Let π :H → H/N be the natural projection. We claim that the family λ∗ = {π(U): U ∈ γ } is a local base at the
neutral element e∗ of H/N for a Hausdorff paratopological group topology τ and, in particular, the paratopological
group K = (H/N, τ) is first countable.
Indeed, it follows from γ ∈ F that every element of λ∗ contains the square of another element of λ∗. Since γ is
closed under finite intersections, the intersection of any two elements of λ∗ contains another element of λ∗. Conditions
(i) and (iii) imply that for every O ∈ λ∗ and every x ∈ K , there exists W ∈ λ∗ such that xWx−1 ⊆ O . Similarly, (i)
and (iv) imply that for every O ∈ λ∗ and x ∈ O , there exists W ∈ λ∗ such that xW ⊆ O . Therefore, it follows from [8,
Prop. 2.1] that the family λ∗ satisfies all the conditions on a local base for a paratopological group topology, and we
conclude that K = (H/N, τ) is a first countable paratopological group. It follows from our definition of K that the
homomorphism π :H → K is continuous. Therefore, the paratopological group K is totally ω-narrow as a continuous
image of the totally ω-narrow paratopological group H . Proposition 3.5 implies that the space K is second countable.
Let us show that the space K is Hausdorff. Take an arbitrary point y ∈ H/N , y = e∗. Then y = π(x) for some
x ∈ H and, clearly, x /∈ N . Since N = P(γ ), there exist elements U,V ∈ γ such that x /∈ UV −1, that is, U ∩ xV = ∅.
Choose W ∈ γ with W 2 ⊆ U ∩V . Then W ∗ = π(W) ∈ λ∗, and we claim that W ∗ ∩yW ∗ = ∅. Indeed, otherwise there
exists z ∈ H such that π(z) ∈ W ∗ ∩ yW ∗, whence
z ∈ NW ∩ xNW ⊆ W 2 ∩ xW 2 ⊆ U ∩ xV = ∅,
a contradiction. We have proved that the neutral element e∗ and every point y ∈ K\{e∗} can be separated in K
by disjoint open neighborhoods. Since the paratopological group K is a homogeneous space, it follows that K is
Hausdorff.
Finally, take an arbitrary element U ∈ γ ∗. By our choice of γ0, there exist elements O,W ∈ γ0 such that W 2 ⊆
O ⊆ U . Then V = π(W) ∈ λ∗, and we have that π−1(V ) = WN ⊆ WW ⊆ U . It follows that π−1(V ) ⊆ U . The proof
is complete. 
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that H is Lindelöf. Then, for every Gδ-set P in H with e ∈ P , there exists a closed invariant subgroup N of H such
that N ⊆ P , the quotient paratopological group H/N is Hausdorff and has countable pseudocharacter.
Corollary 3.14. Let H be a totally ω-narrow Hausdorff paratopological group with neutral element e. If H is Lindelöf,
then every Gδ-set P in H with e ∈ P contains a closed invariant subgroup of type Gδ in H .
Here is one more corollary that looks stronger than the previous one.
Corollary 3.15. Let H be a totally ω-narrow Hausdorff paratopological group with neutral element e. If H is Lindelöf,
then every Gδ-set P in the associated topological group H ∗ with e ∈ P contains a closed invariant subgroup of type
Gδ in H .
Proof. Take a countable family γ in H ∗ such that P =⋂γ . For every U ∈ γ , there exists an open neighborhood VU
of the neutral element e in H such that VU ∩ V −1U ⊆ U . By Corollary 3.14, there exists a closed invariant subgroup
N of type Gδ in H such that N ⊆⋂U∈γ VU . Since N−1 = N , we have that N ⊆ VU ∩ V −1U ⊆ U , for each U ∈ γ .
Therefore, N ⊆ P . 
Theorem 3.16. Let H be a totally ω-narrow Hausdorff paratopological group. If H is Lindelöf, then it can be em-
bedded as a paratopological subgroup into a topological product of second countable Hausdorff paratopological
groups.
Proof. Our proof is a standard application of Lemma 3.12. For every open neighborhood U of the neutral ele-
ment e in H , choose a continuous homomorphism πU :H → KU onto a Hausdorff second countable paratopological
group KU and an open neighborhood VU of the neutral element in KU such that π−1U (VU) ⊆ U . Let π be the diagonal
product of the family {πU : U ∈N }, where N is the family of open neighborhoods of e in H . Then π is a continuous
isomorphism of H to the topological product K =∏U∈N KU . Clearly, K is a Hausdorff paratopological group, and
sinceN is a local base at e in H , it follows that π is a local homeomorphism at e when considered as a mapping of H
onto π(H). Then π is a local homeomorphism at every point of H , so that π is a topological isomorphism between H
and π(H). 
Corollary 3.17. A Hausdorff totally Lindelöf paratopological group of countable pseudocharacter admits a continu-
ous isomorphism onto a Hausdorff paratopological group with a countable base.
Proof. Clearly, every totally Lindelöf paratopological group is totally ω-narrow and is Lindelöf. Hence, by Theo-
rem 3.16, H can be identified with a subgroup of a topological product G =∏i∈I Gi of second countable Hausdorff
paratopological groups Gi . Since H has countable pseudocharacter, we can find a countable set J ⊆ I such that the
restriction to H of the projection pJ :G → GJ =∏i∈J Gi is a monomorphism of H to GJ . This restriction is the
required continuous isomorphism of H onto the second countable Hausdorff paratopological group pJ (H) ⊆ GJ . 
We do not know whether one can weaken ‘totally Lindelöf’ to ‘totally ω-narrow’ in the above corollary (see
Problem 6.3).
Let us extend Theorem 3.16 to regular paratopological groups, having in mind embeddings into products of sepa-
rable metrizable paratopological groups. This requires the following fact close to Lemma 3.12.
Lemma 3.18. Let H be a regular paratopological group with identity e, and γ a countable family of open neighbor-
hoods of e in H . If H is totally ω-narrow and Lindelöf, then there exists a continuous homomorphism p :H → K
onto a second countable regular paratopological group K such that kerp ⊆⋂γ and the set p(U) is a neighborhood
of the identity in K , for each U ∈ γ .
Proof. We modify the argument in the proof of Lemma 3.12. Let N be the family of closed invariant subgroups
of type Gδ in H . Denote by B the family of open neighborhoods of e that have type Fσ in H . Since every regular
Lindelöf space is normal, the family B constitutes a local base at e in H .
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for each i ∈ ω:
(i) each element of γ contains some element of γ0;
(ii) γi ⊆ B, |γi | ω, and Ni ∈N ;
(iii) Ni+1 ⊆ Ni and γi ⊆ γi+1;
(iv) ⋂γi+1 ⊆ Ni ⊆⋂γi ;
(v) given any U,V ∈ γi , there exists W ∈ γi+1 such that W 2 ⊆ U ∩ V ;
(vi) for every U ∈ γi , there exists a family {Vx : x ∈ CU } ⊆ γi+1 such that U =⋃x∈CU (xVx ∩ Vx x) and xV 2x ∪
V 2x x ⊆ U , for each x ∈ CU ;
(vii) γi+1 is subordinated to U , for each U ∈ γi ;
(viii) for every U ∈ γi , there exist V ∈ γi+1 and a family {Wx : x ∈ FU } ⊆ γi+1 such that H = U ∪⋃x∈FU xWx and
xW 2x ∩ V = ∅, for each x ∈ FU .
Since B is a local base at the identity of H , there exists a countable family γ0 ⊆ B such that every element of γ
contains some element of γ0. By Corollary 3.14, we can find N0 ∈N such that N0 ⊆⋂γ0.
Suppose that we have defined N0, . . . ,Nn and γ0, . . . , γn satisfying (i)–(viii). Let γ˜n be the family of all intersec-
tions U ∩V , with U,V ∈ γn. Clearly, there exists a countable family λn,1 ⊆ B such that every element of γ˜n contains
the square of some element of λn,1. This will imply (v) at the step n + 1 of our construction.
Since multiplication in H is continuous, for every U ∈ γn and every x ∈ U , we can find an element Vx ∈ B such
xV 2x ⊆ U and V 2x x ⊆ U . Then {xVx ∩ Vxx: x ∈ U} is an open cover of U . Clearly, U is Lindelöf as an Fσ -set in
the Lindelöf space H . Therefore, there exists a countable set CU ⊆ U such that U =⋃x∈CU (xVx ∩ Vx x). We put
λU = {Vx : x ∈ CU } and λn,2 =⋃U∈γn λU —this is to do with (vi).
Apply Proposition 3.8 to find, for every U ∈ γn, a countable family μU ⊆ B subordinated to U . Let λn,3 =⋃
U∈γn μU —this is to take care of (vii).
To deal with (viii), take an arbitrary element U ∈ γn and choose VU ∈ B such that clHVU ⊆ U . Then, for every
x ∈ H\U , take Wx ∈ B such that xW 2x ∩ VU = ∅. Since {xWx : x ∈ H\U} is an open cover of the closed set H\U ,
there exists a countable set FU ⊆ H\U such that H\U ⊆ ⋃x∈FU xWx . We put νU = {Wx : x ∈ FU } and λn,4 ={VU : U ∈ γn} ∪⋃U∈γn νU . Notice that all the families λn,i , with 1 i  4, are countable. Hence, the family λn+1 =
γn ∪⋃4i=1 λn,i is countable as well.
By Corollary 3.14, there exists an Nn+1 ∈ N such that Nn+1 ⊆⋂λn+1. Since Nn+1 is of type Gδ in H and B
is a local base for H at e, we can take a countable family μn+1 ⊆ B such that ⋂μn+1 ⊆ Ni+1. It remains to put
γn+1 = λn+1 ∪ μn+1. We leave to the reader a simple verification that conditions (i)–(viii) are fulfilled at the step
n + 1.
Let N =⋂∞n=0 Nn and γ ∗ =
⋃∞
n=0 γn. Then N ∈N , the subfamily γ ∗ of B is countable, and we define a paratopo-
logical group topology τN on the quotient group H/N by declaring the family BN = {p(U): U ∈ γ ∗} to be a local
base at the identity of H/N , where p :H → H/N is the quotient homomorphism. The fact that τN is a paratopological
group topology will follow if we establish the following properties of the family BN (see [8, Prop. 2.1]):
(1) for every U,V ∈ BN , there exists W ∈ BN with W ⊆ U ∩ V ;
(2) for every U ∈ BN , there exists V ∈ BN such that VV ⊆ U ;
(3) for every U ∈ BN and g ∈ U , there exists V ∈ BN such that gV ⊆ U and Vg ⊆ U ;
(4) for every U ∈ BN and g ∈ H/N , there exists V ∈ BN with gVg−1 ⊆ U .
Since all elements of γ ∗ contain the identity e of H , conditions (1) and (2) follow from (iii) and (v). Indeed, take
any U,V ∈ BN . Then U = p(U0) and V = p(V0), for some U0,V0 ∈ γ ∗. It follows from the definition of γ ∗ and
condition (iii) that U0,V0 ∈ γn, for some n ∈ ω. By (v), there exists W0 ∈ γn+1 such that W 20 ⊆ U0 ∩ V0. Then the set
W = p(W0) ∈ BN satisfies W ⊆ W 2 ⊆ U ∩ V , as required.
To verify (3), take any U ∈ BN and g ∈ U . Then U = p(U0), where U0 ∈ γn for some n ∈ ω. Choose y ∈ U0 such
that p(y) = g. According to (vi), there are x ∈ CU0 and Vx ∈ γn+1 such that y ∈ xVx and xV 2x ⊆ U0. It is also clear
that N ⊆ Vx , since N =⋂γ ∗ and Vx ∈ γn ⊆ γ ∗. Therefore, we have that yVx ⊆ xVxVx ⊆ U0. Put V = p(Vx). Then
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property (3).
Finally, let us verify (4). Suppose that U ∈ BN and g ∈ H/N . Take elements U0 ∈ γ ∗ and y ∈ H such that p(U0) =
U and p(y) = g. Then U0 ∈ γn, for some n ∈ ω. By (vii), we can find V0 ∈ γn+1 such that yV0y−1 ⊆ U0. Put
V = p(V0). Then V ∈ BN , and we have that gVg−1 = p(yV0y−1) ⊆ p(U0) = U , which gives (4).
We have thus proved that K = (H/N, τN) is a paratopological group. Since the local base BN at the identity of K
is countable, the space K is first countable. Our next step is to verify that K is regular. By the homogeneity argument,
is suffices to verify the regularity of K at the identity e¯.
Take an arbitrary element O = p(U) ∈ BN , where U ∈ γn for some n ∈ ω. According to (viii), we can find an
element V ∈ γn+1 and a family {Wx : x ∈ FU } ⊆ γn+1 such that H = U ∪⋃x∈FU xWx and xW 2x ∩ V = ∅, for each
x ∈ FU . Let us see that the element O ′ = p(V ) ∈ BN satisfies clKO ′ ⊆ O . Indeed, it follows from the choice of the
family {Wx : x ∈ FU } that the open sets p(xWx), with x ∈ FU , cover the complement K\O . We have, in addition, that
O ′ ∩p(xWx) = ∅, for each x ∈ FU . Otherwise p(V )∩p(xWx) = ∅ for some x ∈ FU or, equivalently, V ∩xNWx = ∅
(we recall that N is an invariant subgroup of H ). Since Wx ∈ γn+1 ⊆ γ ∗ and, hence, N ⊆ Wx , we have that xNWx ⊆
xW 2x and V ∩ xW 2x = ∅, which is a contradiction. Therefore, clKO ′ ⊆ O , and the regularity of K is established.
Since, by the choice of γ0, every element of γ contains an element of γ0 and γ0 ⊆ γ ∗, our definition of the
topology τN implies that p(U) is a neighborhood of the identity in K , for each U ∈ γ .
Finally, since the paratopological group K is first countable, Proposition 3.5 implies that K has a countable base.
The proof is complete. 
Corollary 3.19. Let H be a totally ω-narrow regular paratopological group of countable pseudocharacter. If H is
Lindelöf, then H admits a continuous isomorphism onto a separable metrizable paratopological group.
Applying the argument in the proof of Theorem 3.16 along with Lemma 3.18, we obtain a version of Theorem 3.16
for regular paratopological groups:
Theorem 3.20. Every Lindelöf totally ω-narrow regular paratopological group is topologically isomorphic to a sub-
group of a product of regular second countable paratopological groups.
4. Lindelöf Σ-spaces and paratopological groups
A space X is called ω-cellular or, in symbols, celω(X) ω, if every family γ of Gδ-sets in X contains a countable
subfamily λ such that the union
⋃
λ is dense in
⋃
γ . We start with a lemma that generalizes an analogous result for
topological groups from [12].
Lemma 4.1. Let H be a Hausdorff paratopological group, and suppose that the associated topological group H ∗ is
a Lindelöf Σ -space. Then:
(a) H is totally Lindelöf.
(b) The space H is ω-cellular.
(c) If γ is a countable family of closed Gδ-sets in H , then there exists a closed invariant subgroup N of H such that
the quotient paratopological group H/N is Hausdorff, has a countable network, and F = π−1π(F), for each
F ∈ γ , where π :H → H/N is the quotient homomorphism.
Proof. Clearly, (H ∗)2 is a Lindelöf Σ -space, so H 2 is Lindelöf and H is totally Lindelöf, by (a) of Corollary 3.3. In
addition, since H ∗ is a Lindelöf Σ -group, it follows from [12, Theorem 2] that the space H ∗ is ω-cellular. Hence, H
is ω-cellular as a continuous image of H ∗.
It remains to deduce (c) of the lemma. Let N be the family of closed invariant subgroups N of H such that the
quotient paratopological group H/N is Hausdorff and has countable pseudocharacter. One easily verifies that the
family N is closed under countable intersections, while Corollary 3.13 implies that every Gδ-set P in H with e ∈ P
contains an element of N , where e is the identity of H . Therefore, it suffices to prove (c) in the special case when γ
contains a single element, say, F .
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such that Nx ⊆ x−1F . The family {xNx : x ∈ F } covers F , and since the space H is ω-cellular (and each Nx is of
type Gδ in H ), it follows that there exists a countable set C ⊆ F such that the set S = ⋃x∈C xNx is dense in F .
Then N = ⋂x∈C Nx is an element of N , and we claim that F = π−1π(F), where π :H → H/N is the quotient
homomorphism.
Indeed, let x ∈ C be arbitrary. Since Nx is a subgroup of H and N ⊆ Nx , we have that Nx = π−1π(Nx) and, hence,
xNx = π−1π(xNx). In its turn, this implies that S = π−1π(S). Since the mapping π is open and S is dense in the
closed set F , it follows that F = π−1π(F).
Finally, we have to verify that the quotient paratopological group H/N has a countable network. To this end,
consider the quotient topological group H ∗/N . Clearly, the identity isomorphism ϕ :H ∗/N → H/N is continuous.
The pseudocharacter of H/N is countable by our choice of N , so the pseudocharacter of H ∗/N is countable as
well. Since H ∗ and H ∗/N are Lindelöf Σ -spaces, Corollary 4.18 from [10] implies that the group H ∗/N has a
countable network. It follows that H/N also has a countable network as a continuous image of H ∗/N . This finishes
the proof. 
We recall that X is an Efimov space if for every family γ of Gδ-sets in X, the closure of the union of γ is a Gδ-set
in X. It follows from [12, Theorem 2] that every Lindelöf Σ -group is an Efimov space. Let us extend this result to
paratopological groups.
Theorem 4.2. Let H be a regular paratopological group such that H is a Lindelöf Σ -space. Then, for every family γ
of Gδ-sets in H , the closure of
⋃
γ in H is a zero-set. In particular, H is perfectly κ-normal and is an Efimov space.
Proof. The paratopological group H is totally Lindelöf and ω-cellular, by (a) and (b) of Lemma 4.1. Since H is
regular, every Gδ-set in H is the union of a family of closed Gδ-sets. We can assume, therefore, that all elements of
γ are closed in H . Since H is ω-cellular, there exists a countable subfamily λ of γ such that
⋃
λ is dense in
⋃
γ .
By (c) of Lemma 4.1, there exists a closed invariant subgroup N of H such that the quotient paratopological group
H/N is Hausdorff, has a countable network, and F = π−1π(F) for each F ∈ λ, where π :H → H/N is the quotient
homomorphism. Denote by C the closure of
⋃
γ in H . It follows from our choice of N that P = π−1π(P ) and, since
P =⋃λ is dense in C and the mapping π is open, we have that C = π−1π(C). If the space H/N were regular, we
would finish the proof almost immediately by observing that π(C) would be a closed Gδ-set in H/N . However, we
need an extra argument at this point.
Consider the quotient homomorphism ϕ :H ∗ → H ∗/N . Since N is a closed invariant subgroup of H and of H ∗, the
quotient topological group H ∗/N is Hausdorff. Since the topology of H ∗ is finer than the topology of H , the identity
isomorphism j :H ∗/N → H/N is continuous. Since the space H/N has a countable network and is Hausdorff, the
neutral element of H/N is of type Gδ in H/N . Hence, by the continuity of j , the quotient group H ∗/N is also of
countable pseudocharacter. Since the topological group H ∗ is a Lindelöf Σ -space (see Corollary 3.3), we can apply
[10, Corollary 4.18] to conclude that H ∗/N has a countable network.
Since C = π−1π(C) and the mapping π is quotient, the set π(C) is closed in H/N . Hence, the set ϕ(C) =
j−1(π(C)) is closed in H ∗/N and satisfies C = ϕ−1ϕ(C). Since the regular space H ∗/N has a countable network
and ϕ(C) is closed in H ∗/N , it follows that ϕ(C) is a zero-set in H ∗/N . Hence, C = ϕ−1ϕ(C) is a zero-set in H ∗.
In particular, H ∗\C is of type Fσ in H ∗, whence it follows that H ∗\C is Lindelöf. Hence, H\C is Lindelöf as well.
Since the space H is regular and C is closed in H , we conclude that C is a Gδ-set in H . It remains to note that H is
Lindelöf (hence, normal) and that every closed Gδ-set in a normal space is a zero-set. 
Corollary 4.3. Suppose that H is a regular σ -compact paratopological group. Then H is an Efimov space and, hence,
is perfectly κ-normal.
Proof. The fact that H is an Efimov space follows directly from Theorem 4.2. In addition, the space H , being regular
and Lindelöf, is normal. Therefore, every closed Gδ-set in H is a zero-set. 
We can complement the above corollary in the case of Hausdorff paratopological groups as follows:
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exists a countable subfamily μ of γ such that ⋃μ =⋃γ , and ⋃γ is a Gδ-set in H , i.e., H is an Efimov space.
Proof. As in the proof of Theorem 4.2, we deduce that the topological group H ∗ is σ -compact and that there exists a
countable subfamily μ of γ such that
⋃
μ is dense in
⋃
γ in the group H ∗. Since the topology τ ∗ of H ∗ is finer than
the topology τ of H ,
⋃
μ is dense in
⋃
γ in H . This implies the first claim of the theorem.
Let F be the closure of
⋃
γ in H ∗. It follows from Theorem 2 and Lemma 2 of [12] that there exists a closed
invariant subgroup K of type Gδ in H ∗ such that F = π−1K πK(F), where πK :H ∗ → H ∗/K is the quotient ho-
momorphism. Apply Corollaries 3.14 and 3.13 to choose a closed invariant subgroup N of type Gδ in H such that
N ⊆ K and the quotient space H/N is Hausdorff. Let πN :H ∗ → H ∗/N and pN :H → H/N be the quotient map-
pings (both mappings are continuous open homomorphisms). Denote by C the closure of ⋃γ in H . We claim that
the set C satisfies C = p−1N pN(C). Indeed, since
⋃
γ ⊆ F ⊆ C, the set F is dense in C in the space H . The equality
F = π−1K πK(F) is equivalent to saying that F = KF , and it follows from N ⊆ K that F = NF . Take an arbitrary el-
ement x ∈ C = clHF . Since multiplication in H is continuous, we have that Nx ⊆ clHNF = clHF = C. This implies
that C = NC or, equivalently, that C = p−1N pN(C).
Clearly, the identity mapping i :H ∗/N → H/N is continuous, while the quotient group H ∗/N has a countable
network (see [10, Corollary 4.18]). Hence, the space H/N also has a countable network. In fact, we must be more
accurate in choosing a countable network for H/N . Note that the quotient group H ∗/N is σ -compact, as a continuous
image of the σ -compact group H ∗. Therefore, we can represent H ∗/N as the union of a countable family {Fn: n ∈ ω}
of compact subsets. Clearly, each Fn has a countable network λn. Since Fn is a regular space, we can assume that the
elements of λn are closed in Fn, i.e., the network λn for Fn consists of compact sets. Then λ =⋃n∈ω λn is a countable
network of compact sets for H ∗/N and, by the continuity of the mapping i, for H/N . Since the quotient space H/N
is Hausdorff, the elements of λ are closed in H/N . Further, the set pN(C) is closed in H/N , since the mapping pN
is quotient and the set C satisfies C = p−1N pN(C), by the above claim. It remains to note that every closed subset of a
Hausdorff space with a countable network of closed sets is of type Gδ in the space. In particular, pN(C) is a Gδ-set
in H/N . This implies immediately that C = p−1N pN(C) is a Gδ-set in H . 
5. P -spaces and paratopological groups
Here we study paratopological groups which are P -spaces.
Lemma 5.1. Let H be a regular paratopological P -group. Then the associated topological group H ∗ has a local
base N at the neutral element consisting of open subgroups such that every element N ∈N is closed in H .
Proof. By the definition of H ∗, the sets of the form U ∩ U−1, where U runs through the family B of open neighbor-
hood of the neutral element e in H , constitute a local base at e in H ∗. Take an arbitrary element U ∈ B, and define a
sequence ξ = {Un: n ∈ ω} ⊆ B such that U0 = U , U2n+1 ⊆ Un, and the closure of Un+1 in H is contained in Un, for
each n ∈ ω. Since H and H ∗ are P -spaces (see item (e) of Corollary 3.3), it follows from our choice of the sequence ξ
that N =⋂n∈ω(Un ∩ U−1n ) is an open subgroup of H ∗.
Evidently, N ⊆ U ∩ U−1, so it remains to verify that N is closed in H . To this end, it suffices to verify that each
of the sets P =⋂n∈ω Un and Q =
⋂
n∈ω U−1n is closed in H . It follows from the choice of ξ that P =
⋂
n∈ω Un =⋂
n∈ω Un, so that P is closed in H . As for the set Q, suppose that x is an arbitrary cluster point x of Q in H . For every
n ∈ ω, we have that xUn+1 ∩ Q = ∅, whence xUn+1 ∩ U−1n+1 = ∅ and, hence, x ∈ U−1n+1U−1n+1 ⊆ U−1n . We conclude,
therefore, that x ∈⋂n∈ω U−1n = Q, and that Q is closed in H . It follows that the set N = P ∩ Q is closed in H . 
Theorem 5.2. A totally ω-narrow regular paratopological P -group H is a topological group.
Proof. Let H ∗ be the topological group associated to H , andN a local base at the neutral element e of H ∗ such as in
Lemma 5.1. To show that H is a topological group, it suffices to verify that each N ∈N is open in H . Since the group
H ∗ is ω-narrow and each element of N is an open subgroup of H ∗, we can choose, for a given N ∈N , a countable
set C ⊆ H ∗ such that e ∈ C and λ = {xN : x ∈ C} is a disjoint cover of H ∗. Put D = C\{e}. Since H is a P -space
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the proof. 
Lemma 5.3. A Hausdorff P -space X has a base of clopen sets provided that X is Lindelöf. Hence, such a space X is
Tychonoff.
Proof. Suppose that O is an open neighborhood of a point x0 ∈ X. By induction one can define sequences {Un: n ∈ ω}
and {γn: n ∈ ω} satisfying the following conditions, for each n ∈ ω:
(i) Un is an open neighborhood of x0 in X;
(ii) γn is a countable family of open sets in X;
(iii) X\Un ⊆⋃γn+1 ⊆ X\Un+1.
Put U0 = O and γ0 = ∅. Suppose that we have defined the sets U0, . . . ,Un and the families γ0, . . . , γn satisfying
(i)–(iii), at some step n ∈ ω. Put Fn = X\Un and for every point x ∈ Fn, choose disjoint open sets Vx and Wx in X
such that x0 ∈ Vx and x ∈ Wx . Since X is Lindelöf and Fn is closed in X, there exists a countable set Cn ⊆ Fn such
that the family γn+1 = {Wx : x ∈ Cn} covers Fn. It remains to put Un+1 =⋂x∈Cn Vx . Conditions (i)–(iii) are evidently
satisfied at the step n + 1.
Let U = ⋂n∈ω Un. Then U is open in X and x0 ∈ U ⊆ U0 = O . It also follows from (iii) that the set X\U =⋃
n∈ω
⋃
γn is open in X. Therefore, U is a clopen neighborhood of x0 in X contained in O . In other words, clopen
sets form a base for X, so that X is Tychonoff. 
Theorem 5.4. Let H be a Hausdorff paratopological group. If H is a Lindelöf P -space, then it is a topological group.
Proof. By Lemma 5.3, the space H is regular. The property of being a Lindelöf P -space is finitely productive, by a
result from [6]. Therefore, the space H 2 is Lindelöf and the paratopological group H is totally Lindelöf. In particular,
H is totally ω-narrow, so the required conclusion follows from Theorem 5.2. 
6. Open problems
By Corollary 3.9, every totally Lindelöf paratopological group is ω-balanced. We do not know whether one can
weaken ‘totally Lindelöf’ to ‘Lindelöf’ in this result:
Problem 6.1. Is every Lindelöf paratopological group ω-balanced?
Proposition 3.8 and Theorem 3.16 suggests the following problem:
Problem 6.2. Is every commutative totally ω-narrow Hausdorff paratopological group topologically isomorphic to a
subgroup of a product of second countable Hausdorff paratopological groups?
The next problem that arises from an attempt to extend Corollary 3.17 to totally ω-narrow paratopological groups:
Problem 6.3. Suppose that H is a Hausdorff ω-narrow paratopological group of countable pseudocharacter. Does H
admit a continuous isomorphism onto a Hausdorff second countable paratopological group?
We conclude with two problems related to the results of Section 5.
Problem 6.4. Let H be a regular (Tychonoff) paratopological group. Suppose also that H is a pseudo-ω1-compact
P -space. Is H a topological group?
One can try to generalize Theorem 5.2 as follows:
334 M. Sanchis, M. Tkachenko / Topology and its Applications 155 (2008) 322–334Problem 6.5. Suppose that H is an ω-narrow regular paratopological group which is also a P -space. Is H a topological
group?
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